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(1.1) $Ax=b$, $A\in \mathrm{R}^{m\mathrm{x}n}$
, $b$ $\triangle b$ , $x$ $\triangle x$
.
Tikhonov $[3],[4]$ . Tikhonov
. ,
, .
Rank Revealing $\mathrm{Q}\mathrm{R}$ $[1],[2]$
. Rank Revealing $\mathrm{Q}\mathrm{R}$ , $A$
.
Tikhonov , – $\lambda$
(1.2) $F_{\lambda}(x)=||Ax-b||_{2}2+\lambda^{2}||Sx||2^{2}$
$x_{\lambda}$ . $S$
, $S=I_{n}$ Tikhonov .
Tikhonov $\lambda$ .
– (Generalized Cross Validation, GCV )[7]
. $\lambda$ , $\lambda$
. Tikhonov , - $\lambda$
$O(k)$ . $k$ .
Rank Revealing $\mathrm{Q}\mathrm{R}$ , 2
$\mathrm{Q}\mathrm{R}$ , O( .
2 Tikhonov
(2.1) $Ax=b$, $A\in \mathrm{R}^{m\cross n}$
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$U=[u_{1}, \cdots, u_{m}]\in \mathrm{R}^{m\cross m}$ , $V=[v_{1}, \cdots, v_{n}]\in \mathrm{R}^{n\cross n}$
$U^{T}U=UU^{T}=I_{m}$ , $V^{T}V=VV^{T}=I_{n}$
$\Sigma=diag(\sigma 1, \cdots, \sigma k)\in \mathrm{R}^{k\cross k}$ $\in \mathrm{R}^{m\cross n}$
. $k$ $.\mu$ .
, Tikhonov $x_{\lambda}^{(S)}$
(25) $x_{\lambda}^{(S)}$ $=$ $VU^{T}b$
$(2.6)$ $=$ $\sum_{i=1}^{k}(\frac{\sigma_{i}}{\sigma_{i}^{2}+\lambda^{2}}u^{T}ib)v_{i}$
. , $\Sigma^{2}=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\sigma_{1}, \cdot, \sigma^{2}k)2$ .
, $b$ $u_{i}^{T}b$
, - $\lambda$ $nk+2k$ .
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3 $\mathrm{Q}\mathrm{R}$
, Rank Revealing $\mathrm{Q}\mathrm{R}$ .
, Rank Revealing $\mathrm{Q}\mathrm{R}$ .
3.1 $[1],[5]$
$A\in \mathrm{R}^{m\cross n}$ $\mathrm{Q}\mathrm{R}$






$\Pi$ , $\mathrm{Q}\mathrm{R}$ Rank Revealing $\mathrm{Q}\mathrm{R}$ . ,
$Q$ $m\cross m$ , $R_{11}$ $k\cross k$ .
Rank Revealing $\mathrm{Q}\mathrm{R}$ [5].
Rank Revealing $\mathrm{Q}\mathrm{R}$ $\Pi$ , $\mathrm{Q}\mathrm{R}$
$P$ .
, Rank Revealing $\mathrm{Q}\mathrm{R}$ . (2.1)
. $\mu$ , $A$ Rank
Revealing $\mathrm{Q}\mathrm{R}$ , .
(3.3) $\Pi A=[\hat{L} 0]V^{T}+\triangle A$
, $\hat{L}\in \mathrm{R}^{m\cross k}$ 1 , 1 , $D\in \mathrm{R}^{k\cross k}$
, $d_{1},$ $d_{2},$ $\cdots,$ $d_{k}$
(3.4) $|d_{1}|\geq|d_{2}|\geq\cdots\geq|d_{k}|>0$
. $V=[v_{1}, \cdots, v_{n}]\in \mathrm{R}^{n\cross n}$ , $\Pi$ , $k \leq\min(m, n)$
$\mu$
$A$ ,
$[\hat{L} 0]\in \mathrm{R}^{m\cross n},$ $\in \mathrm{R}^{n\cross n}$
. $\triangle A$ $\mu$ $\mathrm{Q}\mathrm{R}$ , $||\triangle A||_{2}=O(\mu)$ .
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(3.3) $\Pi^{-1}$
$A$ $=$ $[\Pi^{-1}\hat{L} 0]V^{T}+\Delta A$




, $[L 0]$ $\mathrm{Q}\mathrm{R}$
$[L 0]=U$




. , $\hat{R}$ Rank Revealing $\mathrm{Q}\mathrm{R}$







$\in \mathrm{R}^{m\cross m}$ , $\in \mathrm{R}^{m\cross n}$
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. $D$ (3.4) , $\hat{R}$ , $R$
.
(3.6) $Ax=b$ Tikhonov (1.2)
.
(3.7) $F_{\lambda}(x)=||Ax-b||_{2^{2}}+\lambda^{2}||Sx||2^{2}$, $S=V^{T}=RV_{k}^{T}$ .
, $V_{k}=[v_{1}, \cdots, v_{k}]\in \mathrm{R}^{n\cross k}$ . , $N(A)=N(S)\neq\{0\}$ , (3.7)
$x\in \mathrm{R}^{n}$ – . (3.7)
$x\in N(A)^{\perp}$ . (3.7) $x_{\lambda}$
$x_{\lambda}=(A^{T}A+\lambda^{2}S^{T}s)\uparrow_{A^{\tau}}b$
. (3.6)
(3.8) $x_{\lambda}$ $=$ $VU^{T}b$
(3.9) $=$ $V_{k}R^{-1}(D^{2}+\lambda^{2}I_{k})^{-}1DU_{k}Tb$
. , $U_{k}=[u_{1}, \cdots, u_{k}]\in \mathrm{R}m\cross k,$ $D2=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(d_{1}2, \cdots, d^{2})k$ .
, (3.6) $U_{k}^{T}b$ , $nk+2k+k(k+1)/2$
. (2.6)





GCV – , $\lambda$
. GCV
(4.1) $\mathrm{G}\mathrm{C}\mathrm{V}(\lambda)=\frac{||Ax_{\lambda}-b||_{2}2}{(\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}(I_{m}-AA^{-}\lambda))^{2}}$




. $U^{(S)},$ $V^{()}s$ (2.4) $U,$ $V$ .
, $U_{k}^{(S)}\in \mathrm{R}^{m\cross n}$ $U^{(S)}$ $k$ ,




$Ax=b$ $\mathrm{Q}\mathrm{R}$ (3.7) GCV
.
$A_{\lambda}^{-}=V^{(Q)}U^{(Q)^{T}}$
. $U^{(Q)},$ $V^{(Q)}$ (3.6) $U,$ $V$ .
Tikhonov , $U_{k}^{(Q)}$ $U^{(Q)}$ $k$ ,




, (4.2) (4.3) . ,





. $f(t)=t$ . $\{s_{i}\}$ $[0,1]$ 100
–. , 100 , $Ax=b$
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. , $b$ $0$ $1.0\cross 10^{-6}$
$\Delta n$ . , $||\Delta n||_{2}=1.0129$ $\cross 10^{-5}$ .
$\mu=1.0\cross 10^{-8}$ .
$\mathrm{H}\mathrm{P}$ Vectra $\mathrm{X}\mathrm{U}(\mathrm{P}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{u}\mathrm{m}$ Pro $200\mathrm{M}\mathrm{H}_{\mathrm{Z})}$ , .
(2.4) 2 $\mathrm{Q}\mathrm{R}$ (3.6) 1 .
, $\mathrm{Q}\mathrm{R}$ 10 .
$\sigma_{i}$
$\{c_{i}^{(S)}\}$ , (3.6) $D$ $\{d_{i}\}$
$\{c_{i}^{(Q)}\}$ . ,
(SVD), $\mathrm{Q}\mathrm{R}$ $(\mathrm{Q}\mathrm{R}2)$ .
Fig. 1. Singular values and Fourier coefficients for SVD (2.4), diagonal elements of $\mathrm{D}$ and Fourier
coefficients for decomposition (3.6)
$\sigma_{i}$ $|d_{i}|$ , $c_{i}^{(S)}$ $c_{i}^{(Q)}$ .
QR GCV $(4.2),(4.3)$ $x_{0}$
(5.1) $E^{(S)}(\lambda)=||x-X\lambda(S)0||2$ , $E^{(Q)}(\lambda)=||X\lambda(Q)-X0||2$ ,
2, . , , . GCV




Fig. 2. GCV functions $(4.2),(4.3)$ and errors of both methods.
6
, Rank Revealing $\mathrm{Q}\mathrm{R}$ 2 QR
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